Bachet elliptic curves are the curves y 2 = x 3 + a 3 and in this work the group structure E(Fp) of these curves over finite fields Fp is considered. It is shown that there are two possible structures E(Fp) ∼ = Cp+1 or E(Fp) ∼ = Cn × Cnm, for m, n ∈ N, according to p ≡ 5 (mod 6) and p ≡ 1 (mod 6) , respectively. A result of Washington is restated in a more specific way saying that if E(Fp) ∼ = Zn × Zn, then p ≡ 7 (mod 12) and p = n 2 ∓ n + 1.
Introduction
12 Let p be a prime. We shall consider the elliptic curves
where a is an element of F * p = F p − {0} . Let us denote the group of the points on E by E (F p ) .
If F is a field, then an elliptic curve over F has, after a change of variables, a form y 2 = x 3 + Ax + B where A and B ∈ F with 4A 3 + 27B 2 = 0 in F. Here D = −16 4A 3 + 27B 2 is called the discriminant of the curve. Elliptic curves are studied over finite and infinite fields. Here we take F to be a finite prime field F p with characteristic p > 3. Then A, B ∈ F p and the set of points (x, y) ∈ F p × F p , together with a point o at infinity is called the set of F p − rational points of E on F p and is denoted by E (F p ) . N p denotes the number of rational points on this curve. It must be finite.
In fact one expects to have at most 2p + 1 points (together with o)( for every x, there exist a maximum of 2 y ′ s). But not all elements of F p have square roots. In fact only half of the elements of F p have a square root. Therefore the expected number is about p + 1. It is known that
Here we use the fact that the number of solutions of y 2 ≡ u (p) is 1 + χ (u) . The following theorem of Hasse quantifies this result.
Now we look at the algebraic structure of E (F p ) . Let P (x 1 , y 1 ) and Q (x 2 , y 2 ) be two points on E :
where y 1 = 0, while when y 1 = 0, the point is of order 2.
By definition −P = (x, −y) .
Because of the definition of addition in an arbitrary field, it takes very long to make any addition and the results are very complicated.
Here we shall deal with Bachet elliptic curves y 2 = x 3 + a 3 modulo p. Let N p,a denote the number of rational points on this curve. Some results on these curves have been given in [1] , and [2] .
A historical problem leading to Bachet elliptic curves is that how one can write an integer as a difference of a square and a cube. In another words, for a given fixed integer c, search for the solutions of the Diophantine equation is also a solution for the same equation. Furthermore, if (x, y) is a solution such that xy = 0 and c = 1, − 432, then this leads to infinitely many solutions, which could not proven by Bachet. Hence if an integer can be stated as the difference of a cube and a square, this could be done in infinitely many ways.
If p ≡ 5 (mod 6) , it is well known that E (F p ) ∼ = C p+1 , the cyclic group of order p + 1, [4] . But when p ≡ 1 (mod 6), there is no result giving the group structure of E (F p ) . In this work, we discuss this situation. We show that this group is isomorphic to a direct product of two cyclic groups C n and C nm , i.e.
where b > 0 when a ∈ Q p , and b < 0 otherwise. Here b is the trace of the Frobenius endomorphism.
2 Bachet Elliptic curves having a group of the form C n × C nm Let E be the curve in (1) . Then its twist is defined as the curve
, where g is an element of Q ′ p , the set of quadratic non-residues modulo p. As usual, Q p denotes the set of quadratic residues modulo p. Here note that if a ∈ Q p , then ga ∈ Q ′ p and when a ∈ Q ′ p , then ga ∈ Q p . It is easy to show that b of (1) and of its twist have different signs. Therefore Theorem 2 Let p ≡ 1 (mod 6) be a prime. If (1) has the group isomorphic to C n × C nm with order n 2 m = p + 1 − b, then its twist is isomorphic to C r × C rs with order r 2 s = p + 1 + b. Let us define t = |b| . That is
We first have Proof. Let us consider the curve y 2 = x 3 +1. It has a point of order 6. Therefore its reduction modulo p has also a point of order 6. Therefore
The other possibility for the curve is y 2 = x 3 + a 3 with a is a quadratic nonresidue. It is the quadratic twist of the other curve, so has b ≡ −2 (mod 6) . Therefore in both cases b is non-zero mod 6.
Corollary 5 Let p ≡ 1 (mod 6) be a prime. Then N p,a ≡ 0 or N p,a ≡ 4 (mod 6) .
Also one obtains the following result:
Corollary 6 If p ≡ 1 (mod 12) is a prime, then b ≡ ∓2 (mod 12) and if p ≡ 7 (mod 12) is a prime, then b ≡ ∓4 (mod 12) .
We now have the following result about the number of points on curves (1) .
Theorem 7 Let p ≡ 1 (mod 6) be a prime. Then a) If t ≡ 2 (mod 6) , then (1) has b = t and N p,a ≡ 0 (6) , and its twist has b = −t and N p,a ≡ 4 (mod 6) . b) If t ≡ 4 (mod 6) , then (1) has b = t and N p,a ≡ 4 (mod 6) , and its twist has b = −t and N p,a ≡ 0 (mod 6) .
Proof. Let p ≡ 1 (mod 6) be a prime. Let us put p = 1 + 6n, n ∈ Z. Let t = 2 (mod 6) . If b = t, then b ≡ 2 (mod 6) and now put b = 2 + 6m, m ∈ Z. Therefore
implying N p,a ≡ 0 (mod 6) .
The other parts can be proven similarly. We then immediately have the following result concerning the elements of order 3:
Corollary 8 a) Let p ≡ 1 (mod 12) be a prime. If t ≡ 2 (mod 12) , then (1) has b = t and N p,a ≡ 0 (mod 12) and E (F p ) has elements of order 3. Its twist has b = −t and N p,a ≡ 4 (mod 12) implying that there are no elements of order 3.
If t ≡ 10 (mod 12) , then (1) has b = t and N p,a ≡ 4 (mod 12) and E (F p ) has no elements of order 3, while its twist has b = −t and N p,a ≡ 0 (mod 12) implying that the group has elements of order 3.
b) Let p ≡ 7 (mod 12) be a prime. If t ≡ 4 (mod 12) , then (1) has b = t and N p,a ≡ 4 (mod 12) and therefore has no points of order 3, while its twist has b = −t and N p,a ≡ 0 (mod 12) having elements of order 3.
If t ≡ 8 (mod 12), then (1) has b = t and N p,a ≡ 0 (mod 12) implying it has elements of order 3 while its twist has b = −t and N p,a ≡ 4 (mod 12) having no such elements.
The elements of order 3 are important in the classification of these elliptic curves modulo p. We now show that their number is either 2 or 8:
Theorem 9 Let p ≡ 1 (mod 6) be a prime. If N p,a ≡ 0 (mod 6) , then there are 2 or 8 points of order 3.
Proof. By [5] , there are at most 9 points together with the point at infinity o, forming a subgroup which is either trivial, cyclic of order 3 or the direct product of two cyclic groups of order 3. As we want to determine the number of elements of order 3, this group cannot be trivial. Then it is C 3 or C 3 × C 3 and it is well-known that it contains 2 or 8 elements of order 3, respectively.
In fact, if we let E (F p ) ∼ = C n × C nm , then when 3 divides n, E (F p ) has 8 points of order 3, and when not, it has 2 points of order 3.
We are now going to give one of the main results in Theorem 13. We first need the following results:
Corollary 10 Let p be a prime. Then for only x = 0 among all values of x in F p , x 3 + 1 takes the value 1.
Proof. It is clear that x = 0 satisfies the condition. The fact that no other value of x satisfies x 3 + 1 = 1 is clear from the fact p is prime.
Theorem 11 Let p ≡ 1 (mod 6) be a prime. There are 3 values of x between 1 and p so that
Proof. It is obvious that x 3 ≡ a (mod p) has three solutions in F p for every a = 0. For a = −1, the proof follows.
Theorem 12 Let p ≡ 1 (mod 6) be a prime. Then Theorem 13 Let p ≡ 1 (mod 6) be a prime. a ∈ Q p iff N p,a ≡ 0 (mod 6) .
Proof. It is well-known that
By putting p = 1 + 6n for n ∈ Z, we get N p,a = 6n + 2 + and by Theorem 12, this sum is congruent to 4 modulo 6. Hence, by putting x∈Fp χ x 3 + a 3 = 4 + 6r, r ∈ Z, we get N p,a = 6n + 2 + 4 + 6r implying
Corollary 14 Let p ≡ 1 (mod 6) be a prime. If N p,a ≡ 0 (mod 6) , then b ≡ 2 (mod 6) .
. By Theorem 12, the result follows.
Similarly we have
Theorem 15 Let p ≡ 1 (mod 6) be a prime. Then a ∈ Q ′ p iff N ≡ 4 (mod 6) .
Corollary 16 Let p ≡ 1 (mod 6) be a prime. Let E be the curve given by (1) . Then a) a ∈ Q p iff E (F p ) has 2 or 8 elements of order 3.
has no elements of order 3.
Proof. It is clear from Corollary 8 and Theorem 13.
3 Bachet Elliptic Curves having a group of the form C n × C n .
Now we shall consider the case where the Bachet elliptic curves have a group isomorphic to C n × C n for same n. This is only possible when p ≡ 1 (mod 6) , as otherwise when p ≡ 5 (mod 6) , E (F p ) is isomorphic to the cyclic group C p+1 . We shall consider a result of Washington and refine it:
Theorem 17 [3] Let E be an elliptic curve over F q where q is a prime power and suppose E (F q ) ∼ = Z n × Z n for some integer n. Then either q = n 2 + 1, q = n 2 ∓ n + 1 or q = (n ∓ 1) 2 .
Now we give a more specific result for Bachet elliptic curves given by (1) over F q :
Theorem 18 Let E be the elliptic curve in (1) . Suppose
Then p ≡ 7 (mod 12) and p = n 2 ∓ n + 1.
Proof. By Theorem 17, there are three possibilities p = n 2 +1, p = n 2 ∓n+1 or p = n 2 ∓ 2n + 1. The latter one is immediately rules out as p cannot be a square. We need only show that p cannot be equal to n 2 + 1. If p = n 2 + 1, than n 2 = p − 1 and hence p − 1 is in Q p . But it is known that p − 1 could be in Q p only when p ≡ 1, 5 (mod 12) is prime. Therefore the result follows.
